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Using symplectic integrator schemes, we calculate the classical trajectory of a Rydberg electron in
external electric and magnetic fields. We also solve the equation of motion obtained by taking the
mean values over one revolution of the electron in the undisturbed motion. The resulting secular
motion is periodic. When only an electric field F is applied, as long as the modulation period in the
orbital angular momentum l is longer than the revolution period, the motion agrees with the secular
one and the duration for which l is much larger than its low initial value is stretched. The residence
time ~RT!, namely, the probability of finding the electron at the distance r, is hence smaller than that
at F50. In crossed electric and magnetic fields, the secular motion predicts that an additional time
stretching due to a magnetic field occurs up to the critical value of magnetic field strength, Bc
53A3nF ~n is the principal action!. In the actual simulations, the RT near the core is smaller than
that at B50 even beyond Bc , regardless of the magnitude of the non-Coulombic interaction C2 /r2.
Slow modulations in l are generated by transitions to secular motions that maintain high l, in
addition to the fast modulation originating from the secular motion. When the magnetic field is so
strong as to induce chaotic motion ~;4000 G for the energy of 25 cm21!, the RT is one order of
magnitude as large as those in weak field cases around 40 G. In the intermediate region ~. a few
hundred Gauss!, without a non-Coulombic interaction, the RT monotonically increases as B
increases. In the presence of C2 /r2, transitions from low l states to high l states occur: the RT
decreases. The motions in high l states can be explained by the well-known model in which an
electron bound to the core by a harmonic force moves in a magnetic field. © 1999 American
Institute of Physics. @S0021-9606~99!00848-X#I. INTRODUCTION
Experiments on the time-resolved decay of high Ryd-
berg states of large molecules have shown that the decay has
a major, sub ms, component and a smaller, ms-scale slow
component.1,2 The surviving Rydberg states can be detected
using their ionization induced by a delayed field pulse known
as zero kinetic energy.3,4 High Rydberg states of atoms and
molecules of rather low binding energies are susceptible
even to weak external fields.5–7 An external dc electric field
modulates the value of the orbital angular momentum l of the
Rydberg electron.8,9 The distance of closest approach ~peri-
herion distance! to the core, which is l2/2 for l/n!1 ~n is the
principal action!, thereby also changes. An external electric
field can periodically turn the coupling to the molecular core
off and on. This causes an elongation of the decay times of
Rydberg states.10,11 Another possible intramolecular mecha-
nism for long-time stability based on the sojourn in interme-
diate Rydberg states has been proposed by Rabani et al.11
When an external magnetic field that is perpendicular to
the electric field is applied, the fraction of the slow decay
component increases; an additional time stretching has been
observed.12 The Rydberg electron traces the orbit of a rather
long semimajor axis: the motion is also altered even by the
diamagnetic interaction of a weak magnetic field. Classical
a!Electronic mail: kono@mcl.chem.tohoku.ac.jp10890021-9606/99/111(24)/10895/8/$15.00
Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject tosimulations have been performed for weak fields ~,100 G
for n’100!.12 The role of the magnetic field in the weak
field case may be summarized as follows. First, the angular
momentum along the electric field axis, ml , is not conserved
when a magnetic field is applied in the direction not collinear
with the electric field. Second, the diamagnetic term induces
a slower modulation in l.
In this paper, we study magnetic field effects on the
lifetime of the Rydberg electron from the viewpoint of the
probability of finding the electron near the core ~residence
time!. The residence time is used as a measure to quantify
the interaction between the electron and the core. Classical
simulations are performed by numerically stable symplectic
integrator schemes,13–15 up to a field intensity at which the
motion is chaotic.16 First, the effects of the Zeeman and dia-
magnetic terms in the weak field case are analyzed in terms
of transitions among secular motions. Second, the residence
time in the chaotic region is discussed. Finally, characteristic
features in the intermediate regime of magnetic field strength
are reported. In the intermediate regime, the residence time is
drastically reduced by the joint effect of a magnetic field and
a non-Coulombic interaction with the core.
II. MODEL AND METHOD
We first outline the model for a Rydberg electron in
crossed electric and magnetic fields.17,18 With the electric5 © 1999 American Institute of Physics
 AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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the x-direction, the Hamiltonian in atomic units is
H5Hmagn2
1
r
1zF1Kcore1Vcore1Velec–core , ~1!
where Kcore and Vcore represent the kinetic and potential en-
ergies of the core, respectively, and Velec–core represents the
interaction between the electron and the core which leads to
the quantum defect,7 and Hmagn is the Hamiltonian of the
electron in the magnetic field
Hmagn5
px
21py
21pz
2
2 1
Blx
2 1
B2
8 ~y
21z2!. ~2!
The unitless quantities given in this paper are measured in
atomic units.
Recent classical, perturbative calculations have suc-
ceeded in explaining several diverse experimental results for
the dynamics of Rydberg states. It has been shown that the
expectation values of angular momentum and Runge–Lenz
vectors in hydrogenic eigenstates obey exactly the same per-
turbative equations of motion as the time-averaged classical
variables.18 Here, the symplectic integrator ~SI! method13–15
is employed to solve Hamilton’s equations of motion. We
split the Hamiltonian into the following parts H1 and H2
which can be solved exactly when considered as independent
Hamiltonians
H15Hmagn1Kcore , ~3!
H252
1
r
1zF1Vcore1Velec–core . ~4!
The second-order SI, which is accurate through the second
order of time spacing Dt , consists of three steps: ~i! to obtain
the solution at Dt/2 with H1 ; ~ii! to further evolve the sys-
tem for Dt with H2 ; ~iii! to further evolve the system for
Dt/2 with H1 . The solution at an arbitrary time can be ob-
tained by repeating the three steps. The solution obtained
leads to a symplectic map from the initial condition to the
present state of the system ~the Runge–Kutta schemes are
not exactly symplectic!. The system is thus kept from being
damped or excited artificially. Because of this quality, SIs
are applicable to long-time dynamics of Coulombic systems.
The energy is conserved with astonishing accuracy. We per-
form numerical calculations up to a field intensity at which
the motion is chaotic. In this paper, we use fourth- and sixth-
order SI schemes composed of a product of second-order
SIs.13,15
Rabani et al.11,12 have solved Hamilton’s equations of
motion for the hydrogenic action variables by using a Gear
six-order predictor–corrector method.19 This method takes
advantage of the fact that the action variables change little
for a revolution of the electron around the core when the
external fields are weak. For B.100 G ~around n5100!,
however, the integration of Hamilton’s equations of motion
is not numerically stable. As B increases, the value of n tends
to change with larger amplitude.
In this paper, we report results in the absence of the
internal degrees of freedom of the core, i.e., Kcore5VcoreDownloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject to50. The electron–core interaction is assumed to be repre-
sented by the non-Coulombic part of the spherically symmet-
ric component of the potential as
Velec–core5
C2
r2
. ~5!
For this case, the angular momenta lx , ly , and lz obey the
following equations:
dlx /dt52yF , ~6a!
dly /dt5xF2Blz/21B2xz/4, ~6b!
dlz /dt5Bly/22B2xy /4. ~6c!
In the absence of the non-Coulombic interaction, the
equations of motion can be approximately solved by taking
the mean values over one revolution of the electron in the
undisturbed motion.8,20 The resulting equations of motion,
which provide periodic secular motions, are as follows:
dr¯/dt5~3n/2!2F3l1B3r¯/2, ~7!
dl/dt5F3r¯1B3l/2, ~8!
where r¯ is the mean value of the position vector r and l is the
angular momentum vector ~since l is a slowly varying vector,
the bars are dropped!. Comparing Eqs. ~6! and ~8!, one finds
that in the secular motion model the effect of the diamag-
netic term is completely eliminated. Introducing the fre-
quency v and the angle a,
v5@~3nF/2!21~B/2!2#1/2, ~9!
a5tan21
3nF
B , ~10!
we can express the secular motion with the period of 2p/v as
lx~ t !5~2/3n !sin aF2y¯ ~0 !sin vt12z¯~0 !cos a sin2 vt2 G
1lx~0 !~sin2 a cos vt1cos2 a!, ~11a!
ly~ t !5~2/3n !x¯~0 !sin a sin vt1ly~0 !cos vt
2lz~0 !cos a sin vt , ~11b!
lz~ t !5~2/3n !x¯~0 !sin 2a sin2
vt
2 1ly~0 !cos a sin vt
1lz~0 !~cos2 a cos vt1sin2 a!, ~11c!
where the quantities with bars are their mean values over one
initial period. The above equations are useful in analyzing
the dynamics of a Rydberg electron on the basis of the secu-
lar motion model.
The interaction with the core can be quantified by the
probability of finding the electron at r ~the residence time!
which is proportional to dt/dr . For the Kepler motion of
angular momentum l, we know that21
dr
dt 5
A~r22r !~r2r1!/nr , ~12!
where r1 is the periherion distance and r2 the apherion dis-
tance. Using the eccentricity « AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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r1 and r2 are expressed as
r15n
2~12«!, ~14!
r25n
2~11«!. ~15!
Without an external field, the angular momentum l is con-
served. If l!n , the residence time near the core per revolu-
tion of the electron is
R~r !52dt/dr’A2r/A12l2/2r for r>l2/2,
~16!
50 for r,l2/2.
Since the trajectory passes the same r twice per revolution,
dt/dr is multiplied by 2. Using the above result, as will be
shown in the following section, one can analytically derive
residence times in the presence of external fields.
III. RESULTS AND DISCUSSION
A. Electric field effect
We first consider the effect of the secular motion of a
Rydberg electron in an electric field. In this subsection, we
set B5C250. The angular momentum is very low just after
excitation from a low electronic state to a high Rydberg
state; we thus take the initial condition l(0)50. We assume
that the semimajor axis of the initial Kepler orbit is directed
to polar coordinates u and f
x¯~0 !5r¯~0 !sin u cos f , ~17a!
y¯ ~0 !5r¯~0 !sin u sin f , ~17b!
z¯~0 !5r¯~0 !cos u , ~17c!
where r¯(0) is the cycle average of the position projected
onto the major axis
r¯~0 !5~3n2/2!A12l2~0 !/n2. ~18!
Inserting Eqs. ~17a!–~17c! into Eqs. ~11!, we can see that
l(t) depends on the azimuthal angle between the z-axis and
the semimajor axis of the initial Kepler orbit, u
l~ t !5nusin u sin v0tu, ~19!
where v0 is v at B50. The l(t) modulates; it reaches
nusin uu and comes back to zero at intervals p/v0 . The pe-
riod of the secular motion in phase space is 2p/v0’35 ns
for n5150 and F50.1 V/cm.
Using Eq. ~16!, we can derive the residence time in the
presence of an electric field. Suppose that the angular mo-
mentum for the orbit of the periherion distance r is lc . If an
orbit has an angular momentum less than lc , the periherion
distance is smaller than r; i.e., the orbits whose angular mo-
mentum are less than lc contribute to the residence time
R(r). Assuming that the modulation period in l, p/v0 , is
longer than the revolution period 2pn3, i.e., 3n4F,1 ~ion-
ization due to barrier suppression sets a more severe condi-
tion 16n4F,1!,11 we take the following average:
R~r !5E
0
lc dt
dr P~ l !dl . ~20!Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toThe probability of taking l is normalized as
P~ l !5
dt
dlY E0nusin uu dtdl dl5 dtdlY ~p/2v0!, ~21!
where dt/dl is given by
dt
dl 5
1
v0An2 sin2 u2l2
. ~22!
For the secular motion in an electric field, R(r) in Eq. ~20! is
independent of F.
For an orbit that can come close to the core, l!n . In this
case, dt/dr is given by Eq.~16!. We finally obtain
R~r !5
4r
npusin uu KS A2rn sin u D for r,n2 sin2 u2
5
2A2r
p
KS n sin uA2r D for r.n2 sin2 u2 , ~23!
where K is the complete elliptic integral of the first kind.
When r!(n sin u)2/2 ~this is valid for n5150 and r,103!,
R~r !’2r/nusin uu, ~24!
which increases linearly with r.
The residence time for F50.1 V cm21 and n’151 ~total
energy E’22.1831025! calculated from a trajectory run is
shown by the solid line in Fig. 1. The initial condition is a
u5p/2 case where x5y53.13104 and px5py51023(z
5pz50). The trajectory runs for 10 ms. For a weak field
like in the present case, the secular motion is maintained.
The accumulated residence time is related with R(r) in Eq.
~24! as
Accumulated residence time
5
run time of the trajectory
period of the revolution R~r !. ~25!
The result of the simulation agrees with Eq. ~25!. As long as
3n4F!1, the secular motion is maintained and the time in
which the electron has high angular momenta is stretched in
FIG. 1. Residence times calculated from 10 ms trajectory runs. The electric
field strength is fixed at F50.1 V cm21. The solid line represents the resi-
dence time at B50 G. The broken and dotted lines represent the residence
times at B540 G for the first- and second-order cases, respectively. The
initial condition is a u5p/2 case where x5y53.13104 and px5py
51023 (z5pz50); n’151 ~the total energy E522.1831025!. AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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the residence time accumulated for a time much longer than
p/v0 is independent of F.
B. Secular motion in crossed electric and magnetic
fields
We again in Eqs. ~11a!–~11c! assume that l(0)50.
When BÞ0, aÞp/2: lx and lz can have components that
change as sin2(vt/2). The period of taking l50 is then
doubled; i.e., lÞ0 at t5p/v , unlike the case where only an
electric field is applied ~the B50 case!. The increase and
decrease in l near l50 ~which occur with a period of 2p/v!
are governed by the term sin a sin vt in the lx and ly compo-
nents which exhibits the same increase or decrease of l in the
B50 case
sin a sin vt’~3nF/2!t . ~26!
The way of approaching and leaving the core when l is small
is thus independent of B. The sin2(vt/2) components in lx
and lz rise later because they increase as (3nFB/4)t2. For a
fixed time span, the time in which the electron has high
angular momenta is further stretched by a magnetic field B if
the modulation period is longer at B than at B50
2p/v.p/v0 . ~27!
The modulation period is defined as 2p/v for BÞ0, while it
is defined as p/v0 for the B50 case. The inequality ~27!
means that B,Bc , where the critical value is defined as
Bc[3A3nF .
Another factor to determine the interaction with the core
is how high the quantity l can go. As an example, we take the
case that x¯ (0)Þ0 and y¯ (0)5z¯(0)50. If a>p/4, i.e.,
3nF/B>1, two peaks whose heights are n exist in a modu-
lation period 2p/v. The height at t5p/v , lmiddle , which
corresponds to the bottom of the middle valley between the
two peaks, is given by n sin 2a. For a,p/4, l has only one
peak, of which height lmiddle is also given by n sin 2a. We
have to compare lmiddle(5n sin 2a) with a threshold value
below which strong interaction with the core is expected, l th .
As long as lmiddle@l th , Eq. ~26! holds: the time duration in
which l(t),l th is ;2l th /Fx¯ (0) per modulation period for l,
which is independent of B. Since, in comparison with l th ,
lmiddle is expected to be high enough at B5Bc ~at which
n sin 2a5A3/4n’n!, an additional time stretching occurs up
to Bc . For n5150 and F50.1 V cm21, Bc amounts to 35 G.
We can extend the above discussion by including an
initial distribution in phase space. We assume that the initial
state is ns ~for which l50!. The isotropic initial distribution
in configuration space can be expressed using Eqs. ~17a!–
~17c!. Angle variables u and f are distributed isotropically.
The average of l2(t) is given by
^l2~ t !&5~n sin a!2S 8 sin2 vt136 cos2 a sin4 vt2 DY15.
~28!
The increase and decrease near l50 are again independent
of B
A8n sin a sin vt’A8n~3nF/2!t . ~29!Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toThe A^l2(t)& is plotted in Fig. 2 for different magnetic
field strengths ~n5150 and F50.1 V cm21!. For 0,cos a
,2/3 ~i.e., B,3A4/5nF!, as shown by the thin solid line in
Fig. 2, two peaks exist in a modulation period 2p/v. In this
case, the peak height lmax is
lmax5nF S 815D S 11 cos
2 a
829 cos2 a D G
1/2
, ~30!
and the bottom of the middle valley is given by
lmiddle5nA9/15 sin 2a . ~31!
For cos a,2/3, lmax exceeds the value at B50, lmax,0
[nA8/15. For cos a.2/3, the bottom of the valley becomes
the peak. As in the case of starting from x¯ (0)Þ0, the time
stretching due to a magnetic field requires that 2p/v
.p/v0 ~as shown in Fig. 2, this condition is fulfilled below
B535 G!. At the critical intensity Bc , lmiddle is as high as
lmax,0 ; lmiddle5A27/32lmax,0’lmax,0 . The secular motion
model predicts that an additional time stretching due to a
magnetic field occurs up to the critical intensity.
The residence time is related to that for B50, R0(r), as
R~r !’
v
2v0
R0~r !, ~32!
where we have considered that the increase and decrease
near l50 are independent of B and the number of times of
taking l50 is proportional to v/2v0 . The minimum of this
factor is 1/2 for B50. However, when B is as small as
v/2v0’1/2, lmiddle,l th ; the residence time is supposed to
be as large as R0(r). A finite magnetic field strength is re-
quired for the onset of the additional time stretching.
C. First- and second-order effects of weak magnetic
fields
In the above subsection, we have discussed the effect of
the secular motion on the time stretching in the presence of a
magnetic field. Here, the first- and second-order effects of
magnetic fields are considered. In this paper, when the Zee-
man term is included but the diamagnetic term is dropped,
FIG. 2. The averaged magnitude of angular momentum, the square root of
Eq. ~28!, for secular motions at four different magnetic field strengths ~n
5150 and F50.1 V cm21!. The initial positions are assumed to be isotro-
pically distributed. AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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terms are included, the effect is referred to as the second-
order one.
The broken and dotted lines shown in Fig. 1 are the
residence times for the first- and second-order cases at B
540 G, respectively. The initial condition is the same as the
B50 case in Fig. 1. Since v/2v0’1.1 for B540 G
(.Bc), the residence time based on the secular motion is
larger than that at B50. On the other hand, the residence
time for the first-order case, which has a quadratic compo-
nent with r, is smaller than that at B50 up to r’400. The
change in l for the first-order case is drawn in Fig. 3. A slow
modulation with a period of 3700 ns is observed, in addition
to the fast modulation originating from the secular motion
~2p/v516 ns!. The slow modulation is responsible for the
reduction in the residence time for r,400.
As shown by the dotted line in Fig. 1, the residence time
is drastically reduced in the second-order case. It should be
noted that the residence time increases quadratically with r.
The change in l is drawn in Fig. 4. In addition to the fast
modulation, l modulates with a longer period of 200 ns ~The
period in the phase space is the double.! The period of the
slow modulation is much shorter than in the first-order case.
The residence times for B520 G are shown in Fig. 5.
This intensity satisfies the condition B,Bc . In both the first-
and second-order cases, the ratio of the residence time to that
at B50 G, R(r)/R0(r), is smaller at B520 G than that at 40
G. The period of the slow modulation is longer than at 40 G.
FIG. 3. A first-order field effect on l for B540 G and F50.1 V cm21. The
initial condition for the trajectory is the same as in Fig. 1.
FIG. 4. A second-order field effect on l for B540 G and F50.1 V cm21.
The initial condition for the trajectory is the same as in Fig. 1.Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toIt is concluded that R(r)/R0(r) in the second-order case is
much smaller than the ratio v/2v0 predicted by the secular
motion model ~v/2v0’0.7 at 20 G!.
When non-Coulombic interactions with the core are
present, the Rydberg electron precesses. If the precession is
very rapid, it counteracts the effect of the fields. For the
non-Coulombic term C2 /r2, the period of the precession is
given by
Tpre52pn3l2/C2 . ~33!
If the motion is a secular type, the increase in l from l50 is
governed by
l’n sin a sin u sin vtu’usin uu~3n2F/2!t , ~34!
which is nearly independent of B. The time required to reach
l th is
T th’2l th /u3n2F sin uu. ~35!
If T th.Tpre , i.e.,
3pn5l2F sin u
C2l th
,1, ~36!
the precession changes the residence time, i.e., it affects the
interaction with the core. The precession is operative only
when l is small.
Generally speaking, l starts increasing from a configura-
tion around u5p/2. The precession hinders the increase in l:
the residence time near the core increases with decreasing
precession period up to a saturation level. For the secular
motion case, from Eq. ~36!, we notice that the effect of the
precession per l-modulation period is nearly independent of
B. Since the number of times of taking small l for an overall
run is then proportional to v/2v0 , the net effect of the pre-
cession is also proportional to v/2v0 . In comparison with
the B50 case, therefore, the residence time would be
smaller up to Bc and increases as B increases beyond Bc .
Numerical examples for C250.3 are presented in Figs. 6
and 7 (F50.1 V cm21). The first-and second-order results at
B520 G are shown in Fig. 6 and those at 40 G are shown in
Fig. 7. The present non-Coulombic interaction increases the
residence time at B50 by 50% ~cf. the solid lines in Figs. 5
and 6!. The first-order results are in accord with those pre-
FIG. 5. Residence times calculated from 10 ms trajectory runs. The solid
line represents the residence time at B50 G. The electric field strength is
fixed at F50.1 V cm21. The broken and dotted lines represent residence
times at B520 G for the first- and second-order cases, respectively. The
initial condition for the trajectories is the same as in Fig. 1. AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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dence time is smaller than that at B50, and when B.Bc ,
the residence time is larger. When C2.0.2 for B520 G
(C2.0.25 for B540 G), in the first-order case, the slow
modulation observed as in Fig. 3 disappears; the l modulates
as fast as in the secular motion case with the frequency v.
While the first-order effect is susceptible to non-Coulombic
interactions, as shown in Figs. 6 and 7, the second-order
effect is robust. Even for unphysically large values of C2 ,
the residence time in the second-order case is smaller than
that at B50 and the quadratic increase with r remains be-
cause slow modulations still exist. The second-order effect
appears except when x50. In the case where x50, the
second-order effect is minimized as predicted from Eq. ~6!.
The slow modulations can be described by transitions
among secular motions. As an example, the positions and
angular momenta for the second-order case of B540 G and
C250.3 are plotted in Figs. 8 and 9, respectively. As ob-
served, in a short time scale, a periodic motion of high an-
gular momentum is maintained (60,l,120). The periodic
motion in Fig. 8 is a typical one when l is high. This transient
‘‘periodic’’ motion is described by Eq. ~11! for the secular
motion. The initial time t50 in Eq. ~11! should be replaced
with an intermediate time at which a transient periodic mo-
tion is defined, t0 ; then, x¯ (0), y¯ (0), z¯(0), lx(0), ly(0), and
lz(0) should be replaced with x¯ (t0), y¯ (t0), z¯(t0), lx(t0),
ly(t0), and lz(t0), respectively. The time t on the right-hand
FIG. 6. Residence times at B520 G in the presence of the non-Coulombic
interaction. The interaction strength and the electric field are fixed as C2
50.3 and F50.1 V cm21. The notations are the same as in Fig. 5.
FIG. 7. Residence times at B540 G for the first- and second-order cases in
the presence of the non-Coulombic interaction ~C250.3 and F
50.1 V cm21!. The notations are the same as in Fig. 5.Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toside of Eq. ~11! is measured from t0 . The choice of t0 is
rather arbitrary. A convenient way to prove the existence of
transient secular motions is to choose a time t0 so that
z¯(t0)50. Then, the other two parameters x¯ (t0) and y¯ (t0) can
be easily determined from
x¯~ t0!5
3n
2 sin a F lyS t01 p2v D1lz~ t0!cos aG , ~37!
y¯ ~ t0!5
3n
2 sin a F lx~ t0!cos2 a2lxS t01 p2v D G . ~38!
For instance, from Fig. 8, we can set t05965.39 ns: from
Fig. 9, lx(t0)5216.37, ly(t0)521.58, and lz(t0)567.06; at
t01p/2v5969.35 ns, lx(t01p/2v)5273.04, ly(t0
1p/2v)5282.39. We thus obtain x¯ (t0)52112 50 and
y¯ (t0)529 630. The secular motion determined by the six pa-
rameters at t0 perfectly fits the result in Fig. 9.
A tabular summary of the findings in Secs. III B and
III C is given in Table I.
D. Strong magnetic field and intermediate cases
Results for B54000 G are shown in Fig. 10. The resi-
dence time is one order of magnitude as large as those pre-
sented so far. Much stronger interaction with the core is ex-
pected. The residence time is not as sensitive to the non-
Coulombic interaction ~and to F!.
It should be noted that the residence time increases lin-
early with r, unlike in the second-order cases for B520 or 40
G. For the present strong magnetic field, the motion is ex-
tensively chaotic.16 The electron comes close to the core in a
FIG. 8. Change in positions for B540 G and C250.3 (F50.1 V cm21).
FIG. 9. Change in angular momenta for B540 G and C250.3 (F
50.1 V cm21). AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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changes faster than the radial distance r!. Combining this
fact with the effective Hamiltonian near the core,
1
2 ~px
21py
21pz
2!2
1
r
5E . ~39!
one can assume that the electron randomly appears on the
isoenergetic surface in momentum space which forms a
sphere of radius A2(E11/r)1/2. The surface area of the
sphere is 8p(E11/r). Taking into account the volume ele-
ment in polar coordinates r2 sin udr du df, we find that
R~r !}8p~E11/r !r2. ~40!
For E!1/r , R(r)}r ~this is the case for E’22.1831025
and r’103!.
We finally summarize characteristic features in the inter-
mediate regime. Around B5600 G, the residence time for
the second-order case is proportional to r and is on the level
of 0.01 at r51000. When C250, the residence time mono-
tonically increases as B increases further; for example, the
residence time for B52000 G is as large as in Fig. 10 for
B54000 G. In the 2000 G case, however, when a nonzero
value is set for C2 , the residence time decreases below the
level for B5600 G and a quadratic component with r ap-
pears. This type of reduction in the residence time is induced
by transitions from low l states to high l states due to the
non-Coulombic interaction.
A typical high l state for B52000 G and C250.3 is
shown in Fig. 11. The initial condition is that x5y51.568
3104 and px5py51023 (E522.1831025). For the time
TABLE I. Criteria for the additional time stretching due to a magnetic field
B. The mechanism of the time stretching is twofold. One is the secular
motion effect which increases the effective period of the fast modulation in
l. The other mechanism originates from slow modulations in l which are
induced by transitions among secular motions. The presence of the fast and
slow modulations is designated by the abbreviations F and S. The critical
magnetic field strength Bc is defined as 3A3n3~electric field strength!.
C250 case C2Þ0 case
Secular motion effect B,Bc ~F! B,Bc ~F!
First-order effect B,a few times Bc ~F1S! B,Bc ~F!
Second-order effect B,severaltimes
Bc ~F1S!
B,several times
Bc ~F1S!
FIG. 10. Residence times at B54000 G (F50.1 V cm21). The solid and
broken lines represent the residence times for C250.3 and C250, respec-
tively. The initial condition is as follows: x5y51.0833104 and px5py
51023 (E522.1831025).Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toregion shown in Fig. 11, lx is between 2160 and 2170 and
l>200. The fast oscillation with a period of ;0.16 ns is
superimposed on the slow oscillation with a period of ;2 ns.
The motion cannot be fitted by the secular model. The most
suitable one is the well-known model in which an electron
bound to the core by a harmonic force 2kr moves in a
magnetic field
d2r/dt52kr2v3B. ~41!
For Bx5BÞ0 and By5Bz50, the electron rotates around
the x-axis while moving back and force along the x-axis. The
rotation consists of the fast and slow modes v f and vs
whose frequencies are given by
v f5
B
2 1Ak1S B2 D
2
. ~42a!
vs5
B
2 2Ak1S B2 D
2
. ~42b!
The vs is negative, which corresponds to the rotation in the
direction opposite to the cyclotron motion. If the Coulomb
potential is fitted to a harmonic one, we have k51/r3. For
the range shown in Fig. 11, the average of r is about 2.5
3104. From Eq. ~42!, we obtain 2p/v f50.16 ns and
2p/uvsu52.2 ns. These two frequencies agree with those ob-
served in Fig. 11. As the average of r is larger, uvsu becomes
smaller.
Before closing this section, we would like to mention the
accuracy of our numerical results. The trajectories in Secs.
III A and C are quasiperiodic. In this regime, the fourth- and
sixth-order SIs provide trajectories that are reliable for long
time dynamics; convergence is reached by reducing variable
time spacings. On the other hand, in the near chaotic and
chaotic regimes as in this subsection, the trajectory is un-
stable with the change in time spacings. However, the quan-
tity that we concentrate on, namely, the residence time for a
long run, is insensitive to the details of the trajectory. We
assume that the errors of a trajectory cancel out in the long
time average of the residence time.
Schlier and Seiter22 have examined classical trajectories
for a triatomic, complex forming system and have already
demonstrated the limitation of symplectic integration. In the
chaotic regime, neither stable conservation of phase volume
FIG. 11. Change in positions for a typical high angular momentum state at
B52000 G and C250.3 (F50.1 V cm21). The initial condition is that x
5y51.5683104 and px5py51023 (E522.1831025). AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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correct, or even that it reaches the correct reaction channel.
This defect may lead to wrong conclusions when it takes a
long time to arrive at a rarely populated channel. In this case,
it is difficult to obtain a sufficient number of long-lived tra-
jectories. We face the same problem when the internal de-
grees of freedom of the core are included, i.e., autoionization
channels are open. Extra caution must be exercised on the
study of autoionization in the chaotic regime.
IV. SUMMARY AND CONCLUSIONS
Using fourth- and sixth-order symplectic integrator
schemes, we have calculated the classical dynamics of a Ry-
dberg electron in crossed electric and magnetic fields. Nu-
merical calculations have been performed up to a field inten-
sity at which the motion is chaotic. In this paper, we report
results in the absence of the internal degrees of freedom of
the core.
The equations of motion can be approximately solved by
taking the mean values over one revolution of the electron in
the undisturbed motion. Our starting point is the secular mo-
tion, i.e., the periodic solution of the approximate equation of
motion. When only an electric field is applied, as long as the
modulation period in the orbital angular momentum l,
p/v0[p/(3nF/2), is longer than the revolution period
2pn3, i.e., 3n4F!1, the motion agrees with the secular mo-
tion; the residence time accumulated for a time much longer
than p/v0 is independent of F. The electric field stretches
the duration for which the angular momentum is much larger
than its initial value and reduces the interaction with the
core. In crossed electric and magnetic fields, the secular mo-
tion predicts that an additional time stretching due to mag-
netic field occurs up to the critical intensity of magnetic field,
Bc53A3nF . Within the framework of the secular motion
model, the residence time near the core increases linearly
with r.
In the numerical simulations beyond the secular motion
model, the residence time near the core has a quadratic com-
ponent with r and is smaller than that at B50 even beyond
Bc , even for unphysically large values of C2 in the non-
Coulombic interaction C2 /r2. Slow modulations in l are ob-
served, in addition to the fast modulation originating from
the secular motion. The slow modulations are interpreted as
transitions to secular motions that maintain high values of l.
The diamagnetic term plays the major role in slow modula-
tions.
When the magnetic field is so strong as to induce chaotic
motion extensively, much stronger interaction with the core
is expected. When the energy is about 2231025, the resi-
dence time at 4000 G is one order of magnitude as large as
those around 40 G. The residence time increases linearly
with r; the quadratic increase with r disappears.Downloaded 16 Oct 2008 to 130.34.135.158. Redistribution subject toIn the intermediate region, without a non-Coulombic in-
teraction, the residence time monotonically increases as B
increases ~. a few hundred Gauss!. In the presence of the
non-Coulombic interaction, the residence time at 2000 G de-
creases below the level at 600 G and a quadratic component
with r appears. This is induced by transitions from low l
states to high l states due to the non-Coulombic interaction.
The motions in high l states can be explained by the well-
known model in which an electron bound to the core by a
harmonic force 2r/^r3& moves in a magnetic field.
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